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Abstract
The present paper deals with the formulation of a new homogenization procedure for the determination of the overall response
of composites subjected to nonlinear phenomena due to the development and growth of cracks. An interface model accounting
for damage, unilateral contact and friction is described. Then, a homogenization technique, based on the Transformation Field
Analysis, is developed. A numerical algorithm for the time integration of the evolutive problem is formulated within a predictor-
corrector procedure for solving the time step nonlinear problem. A numerical application is presented to assess the eﬀectiveness of
the proposed approach.
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1. Introduction
The increasing use of composite materials in several ﬁelds of structural engineering has motivated the development
of mathematical homogenization techniques, which allow to derive the overall homogenized material properties and
to determine homogenized equivalent material. In particular, it is of great interest the case of composite whose
constituents present nonlinear response due to inelastic eﬀects such as plasticity, viscosity or damage.
To this end, classical homogenization techniques [10], or advanced approaches [11,12,16] have been developed.
The Transformation Field Analysis (TFA) can be considered an interesting and eﬀective homogenization technique
for solving the nonlinear micro-mechanical homogenization problem [4–7,9,15]. Particular interest arise in the eval-
uation of the macroscopic constitutive response of heterogeneous materials when its constituents are characterized by
damaging phenomena and when decohesion between the constituents occurs [1,8,13].
Aim of the present study is the development of a homogenization technique for composite materials able to de-
rive the overall mechanical response of the composite taking into account possible decohesion processes between
constituents, as illustrated in ﬁgure 1 .
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Fig. 1. Radial decohesion of the matrix from the ﬁber in a composite material.
The main novelty of the present work consists in extending the TFA approach to the modeling of the decohesion
process between constituents, considering the damage occurring at the interfaces among the heterogeneities.
Numerical applications will be developed considering periodic composite materials introducing interfaces to model
the fracturing process in the constituents and decohesion between the constituents. In order to verify the eﬀectiveness
of the proposed homogenization technique, numerical applications are developed, comparing the results obtained by
the proposed homogenization technique with the ones carried out adopting classical nonlinear ﬁnite element micro-
mechanical analyses.
The study is developed in the framework of two-dimensional (2D) plane strain or plane stress analysis within the
assumption of inﬁnitesimal structural theory, small strains and small displacements.
2. Interface model
An interface cohesive model combining damage and friction is described in this section. The interface model,
developed on the basis of mechanical model proposed by Alfano and Sacco [3], by Alfano et al. [2] and modiﬁed by
Sacco and Toti [14], adopts a micro-mechanical approach.
At the typical point of the interface, a representative interface elementary (RIE) characterized by the area A is
introduced at the lower scale level Within the RIE the presence of micro-cracks are admitted; the total area of the
micro-cracks in the RIE is denoted by Ad, representing the completely damaged part of A; the remaining part of the
area represents the undamaged part of A and it is denoted by Au, so that A = Au + Ad. The damage parameter D is
introduced as ratio D = Ad/A, so that the two parts Au and Ad can be recovered as Au = (1 − D) A and Ad = D A, with
0 ≤ D ≤ 1.
The relative displacement vector at the typical point of the interface is denoted by s. Introducing the local coordinate
system on the interface (xT , xN), the relative displacement can be written as s = {sT sN}T . It is assumed that the
relative displacement is constant within the RIE; in other words, the relative displacement in Au and in Ad is s. The
stress vectors in the undamaged and damaged parts of the RIE are:
τu = Ks
τd = K
[
s − (sc + sp)] , (1)
respectively, where the inelastic displacement vectors
sc =
{
0
c
}
sp =
{
p
0
}
(2)
account for the unilateral nature of the contact and for the friction phenomenon, respectively, while K is a diagonal
matrix which collects the stiﬀness values in the tangential and normal directions to interface:
K =
[
KT 0
0 KN
]
. (3)
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Concerning the unilateral displacement vector sc, it is set:
c = H (sN) sN , (4)
where the symbol H (sN) denotes the Heaviside function, which assumes the following values: H (sN) = 1 if sN > 0
and H (sN) = 0 otherwise.
The evolution of the inelastic slip relative displacement, occurring on the damaged part of the RIE, is assumed to
be governed by the classical Coulomb yield function:
φ
(
τd
)
= μ
〈
τdN
〉
− +
∣∣∣τdT ∣∣∣ , (5)
where μ is the friction coeﬃcient and the symbol 〈.〉− denotes the negative part of the number. The following non-
associated ﬂow rule is considered for the evolution of the nontrivial component of the vector sp with the classical
Khun-Tucker conditions:
p˙ = γ˙
τdT∣∣∣τdT ∣∣∣ γ˙ ≥ 0, φ
(
τd
)
≤ 0, γ˙φ
(
τd
)
= 0 . (6)
The damage evolution is assumed to be governed by the eﬀective stress state τu or, because of the ﬁrst of equations
(1), by the relative displacement s. In particular, a model which accounts for the coupling of mode I of mode II of
fracture is considered. The following quantities are evaluated:
ηT =
s0Tτ
0
T
2GcT
, ηN =
s0Nτ
0
N
2GcN
, (7)
where τ0T , τ
0
N are the peak stresses corresponding to the ﬁrst cracking relative displacement s
0
T ,s
0
N , respectively, and
GcT , GcN are the speciﬁc fracture energies in mode II and mode I, respectively. Then, the parameter η coupling the
two fracture modes is introduced:
η =
1
α
(
s2T ηT + s
2
N ηN
)
with α =
√
s2T + 〈sN〉2+ . (8)
The equivalent relative displacement is deﬁned as:
Y =
√
Y2T + Y
2
N with YT =
sT
s0T
, YN =
〈sN〉+
s0N
. (9)
The damage parameter is assumed to be a function of the history of equivalent relative displacement as follows:
D = max
history
{
0,min
{
1, D˜
}}
with D˜ =
Y − 1
Y (1 − η) . (10)
The overall interface stress vector on the RIE is indicated by τ and it is obtained by weighting the two stresses
determined by equations (1), as:
τ = (1 − D) τu + τd = K (s − q) , (11)
where the total inelastic relative displacement is deﬁned as:
q = D (sc + sp) = D
{
p
c
}
. (12)
3. TFA procedure for interface model
A periodic composite material is considered. Thus, a repetitive Unit Cell (UC) containing all the material and
geometrical information of the composite can be selected, so that the micro-mechanical and homogenization study can
be limited to the analysis of the UC. It is assumed that cracks can arise and evolve in the UC considering the presence
of cohesive interfaces. In ﬁgure 2(a) a possible UC is illustrated, with a Cartesian coordinate system (O,x1,x2).
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Fig. 2. Possible UC of the composite material: (a) geometrical scheme and (b) position of the sub-interfaces.
3.1. Sub-interfaces
The cohesive interfaces are also split in nr sub-interfaces r. A possible patch of sub-interfaces of the UC is given
in ﬁgure 2(b). The inelastic relative displacement q in the typical sub-interface r due to the damage, the unilateral
contact and friction eﬀects is approximated according to the following representation form:
q (ξ) =
mr∑
j=1
λ j (ξ) q˜r j , (13)
where λi (ξ) are mr per-selected scalar functions of the abscissa ξ, called modes, and q˜r j are vectors describing the
time evolution of the inelastic relative displacements. Note that for straight interfaces it results ξ = xT .
3.2. Micro-mechanical problems
It is assumed that the UC is subjected to an average strain ε. The solution of the problem corresponding to a
prescribed average strain ε is determined, such that:
• the strain and the stress evaluated in Ω results:
εε (x) = P (x) ε
σε (x) = CP (x) ε
(14)
where P (x) is the localization matrix of the strain in the domain Ω;
• the total relative displacement, the elastic relative displacement and traction at the sub-interface  f results:
s f
ε
(ξ) = D f (ξ) ε
d f
ε
(ξ) = D f (ξ) ε
t f
ε
(ξ) = K f D f (ξ) ε
(15)
where D f (ξ) is the localization matrix of the total relative displacement in the sub-interface  f .
The elastostatic problem of the UC subjected to the inelastic relative displacement distribution λ j (ξ) qr j applied at
the sub-interface r is studied. The solution gives:
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• the strain and the stress evaluated in the domain Ω:
εr jq (x) = P
r j
q (x) q˜r j
σr jq (x) = C (x) P
g,r j
q (x) q˜r j
(16)
where Pr jq (x) is the localization matrix of the strain in Ω for the coaction λ j (ξ) q˜r j;
• the total relative displacement, the elastic relative displacement and traction at the sub-interface  f :
s f ,r jq (ξ) = D
f ,r j
q (ξ) q˜r j
d f ,r jq (ξ) =
(
D f ,r jq (ξ) − δ f rλ j (ξ)
)
q˜r j
t f ,r jq (ξ) = K f
(
D f ,r jq (ξ) − δ f rλ j (ξ)
)
q˜r j
(17)
whereD f ,r j (ξ) is the localization matrix of the total relative displacement in the sub-interface f for the inelastic
relative displacement distribution λ j (ξ) q˜r j.
Superimposing the determined solutions, it is possible to compute the state of strain and stress in Ω and in each
sub-interface  f of the UC subjected to the average strain ε and to nr × mr inelastic relative displacements q˜r j, so
that:
• the strain and the stress evaluated in Ω results:
ε (x) = P (x) ε +
∑nr
r=1
∑mr
j=1 P
r j
q (x) q˜r j
σ (x) = C (x) P (x) ε +
∑nr
r=1
∑mr
j=1 C (x) P
r j
q (x) q˜r j ;
(18)
• the average stress in the whole domain Ω is:
σ = Cε +
nr∑
r=1
mr∑
j=1
P
r j
q q˜
r j ; with C =
1
V
ns∑
g=1
∫
Ω
C (x)P (x) dV P
r j
q =
1
V
ns∑
g=1
∫
Ω
C (x)Pr jq (x) dV ; (19)
• the total relative displacement, the elastic relative displacement and traction at the sub-interface  f results:
s f (ξ) = D f (ξ) ε +
∑nr
r=1
∑mr
j=1 D
f ,r j
q (ξ) q˜r j
d f (ξ) = D f (ξ) ε +
∑nr
r=1
∑mr
j=1
(
D f ,r jq (ξ) − δ f rλ j (ξ)
)
q˜r j
t f (ξ) = K f D f (ξ) ε +
∑nr
r=1
∑mr
j=1 K
f
(
D f ,r jq (ξ) − δ f rλ j (ξ)
)
q˜r j
(20)
3.3. Evolution equations for sub-interfaces
A backward Euler time integration technique is adopted; the quantity evaluated at the time step tn are denoted with
the subscript |n, while the ones at the current time t have no subscript.
Let ξw individuate a typical point of ; in that point, the history variables at the time tn take the value p|n (ξw) and
D|n (ξw), so that the inelastic relative displacement q|n (ξw) can be computed by equation (12). It is assumed that all
the inelastic contributions q˜r j|n are known at the time step tn in the sub-interfaces. Then, at the time step t the average
strain is set equal to ε. The classical predictor-corrector technique is adopted to determine the solution of the inelastic
problem in all the selected points ξw ∈ .
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At the point ξp of the sub-interface  f , the trial relative displacement is determined setting q˜r j = q˜r j|n in equation
(20)1 leading to:
s f (ξw) = D f (ξw) ε +
nr∑
r=1
mr∑
j=1
D f ,r jq (ξw) q˜
r j
|n , (21)
so that the damage variable is computed through formulas (7)-(10); in particular, equation (10)1 takes the speciﬁc
form:
D = max
history
{
D|n,min
{
1, D˜
}}
. (22)
Then, the unilateral displacement vector sc is determined by formula (4); the trial stress τd is evaluated by equation
(1)2 assuming p = p|n. If the yield function (5) is lower than zero, the time step is elastic; otherwise, the correction
phase has to be performed solving the time discretized equations (1)2, (5), (6) written in residual form at ξw:
Rτ = τd −K
[
s −
{
c
p|n + 
p
}]
= 0
Rφ = μ
〈
τdN
〉
− +
∣∣∣τdT ∣∣∣ = 0 (23)
Rγ = 
p − 
γ
τdT∣∣∣τdT ∣∣∣ = 0
in the unknowns τd, 
p and 
γ. Once the value of the inelastic slip p = p|n + 
p is updated, the vector q (ξw)
can be evaluated by equation (12) in all the selected points of the sub-interface  f ; then, the distribution of the
inelastic relative displacement is approximated adopting the representation proposed by equation (13). In particular,
the minimum error problem:
min
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
√√√√∫
 f
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝q (ξ) −
mf∑
i=1
λ j (ξ) q˜ f j
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
T ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝q (ξ) −
mf∑
i=1
λ j (ξ) q˜ f j
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ /
mr∑
i=1
λ j (ξ) q˜r j ≥ 0 | q˜ f j ( j = 1, ...,mf )
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭ (24)
is solved with respect to the mf inelastic contributions q˜ f j. The described procedure is performed for all the sub-
interfaces introduced in the UC.
The nonlinear problem is solved at each time step adopting a iterative procedure.
4. Numerical applications
The numerical computations presented in this section aim to demonstrate the ability of the proposed procedure in
reproducing the nonlinear response of UCs subjected to plasticity eﬀects and/or to evolution of fractures.
The evaluation of the localization matrices and of the average quantities is performed using the ﬁnite element (FE)
method. Moreover, the described nonlinear model for the cohesive interface, have been implemented in the FEAP
code [17,18], for developing the micro-mechanical analyses. In fact, results obtained by the proposed TFA approach
are compared with the ones obtained by the FE micro-mechanical analyses.
In each sub-interface it is set mr = 2; denoting with ξ
f
i and ξ
f
f the initial and the ﬁnal abscissas of the sub-interface
 f , respectively, the two modes are taken as:
λ1(ξ) =
ξ
f
f − ξ
ξ
f
f − ξ fi
λ2(ξ) =
ξ − ξ fi
ξ
f
f − ξ fi
. (25)
The presented numerical application deals with the square UC represented in ﬁgure 3(a); the size of the UC is
set a = 1mm with an initial crack (defect) c = 0.3mm. The material parameters adopted for the computations are
reported in table 1.
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elastic block E = 3000MPa ν = 0.2
interface
Kt = 100000MPa/mm Gt = 0.005MPa*mm τ0T = 2MPa
Kn = 100000MPa/mm Gn = 0.001MPa*mm τ0N = 2MPa
μ = 0.5
Table 1. Material parameters adopted for the computations.
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Fig. 3. Elastic blocks joined by pre-cracked interface and its overall response.
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Fig. 4. Inelastic relative displacement component qN vs x1 at the time steps A, B and C reported in ﬁgure 3.
The UC is subjected to a monotonic strain history with ε22 increasing from 0 to 0.0012. In ﬁgure 3(b), the plot of
the mechanical response of the pre-cracked UC is reported in terms of average stress σ22 versus average strain ε22. It is
remarked the very good accuracy of the (approximated) TFA overall response with respect to the FE micro-mechanical
results.
In order to better assess the eﬀectiveness of the proposed approach, the comparison of the inelastic relative dis-
placement component qN evaluated by the micro-mechanical FE analysis and by the proposed TFA procedure is
performed. In ﬁgures 4 , the value of qN versus the x1 coordinate is reported for three diﬀerent steps of the nonlinear
analysis marked in ﬁgure 4 with the capital letters A, B and C.
Also in this case, a very good accuracy of the solution determined by the proposed approach can be remarked.
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5. Conclusions
The Transformation Field Analysis (TFA) is adopted to solve the micro-mechanical and homogenization problem
of a unit cell made of materials characterized by nonlinear behavior. An extended version of the nonuniform approach
of the TFA technique is presented. In particular, the interesting case of the development and growth of fracture inside
the UC is considered, formulating a new suitable procedure for this speciﬁc problem.
A numerical application speciﬁcally addressed to assess the proposed formulation demonstrated the eﬀectiveness
of the developed TFA procedure obtaining overall nonlinear responses of fracturing UCs in very good accordance
with the micro-mechanical FE solutions. Moreover, it also shown the very good extimation of the inelastic relative
displacements along the cohesive fracture.
The proposed approach allows to solve the micro-mechanical and homogenization problem without performing
step by step ﬁnite element analysis; it can be extented to several type of nonlinearities, including reological eﬀects.
Finally, it can be eﬀectively implemented in a multiscale code.
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